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ABSTRACT. The research aims to construct a new type of matrix called the Fibonacci-Hessenberg-Lorentz matrix
by multiplying Fibonacci-Hessenberg matrices with Lorentz matrix multiplication. The study will start by examin-
ing the properties of Hessenberg and tridiagonal matrices and then focus on developing the Fibonacci-Hessenberg
matrix using Fibonacci sequences. By multiplication it with a Lorentz matrix multiplication, the resulting matrix,
the Fibonacci-Hessenberg-Lorentz matrix, will be analyzed to obtain special number sequences through its deter-
minants for n > 1. The primary objective is to explore whether the determinants of these matrices can generate new
or known number sequences, where the elements are expressed as functions of the matrix parameters. Furthermore,
the research will attempt to generalize these sequences of using Fibonacci numbers to establish a generalized for-
mula for their terms. Ultimately, the goal is to derive a mathematical representation that connects the characteristics
of the newly defined matrices to well-known special sequences in mathematics.
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1. INTRODUCTION

In recent decades, Fibonacci-type sequences and their generalizations have been widely studied due to their rich
algebraic structures and diverse applications. Classical results link the determinants of Hessenberg and tridiagonal
matrices to Fibonacci and Lucas numbers, providing elegant matrix-based representations of well-known sequences.
Numerous studies have attempted to investigate number sequences; especially [1,3,4,11,12,19,20,23,29,30] can be
given as references. In [14], generalization of Lucas numbers is demonstrated and a connection is attained between
k-Lucas numbers and Fibonacci numbers. In addition, generalized k-Fibonacci and Lucas numbers are analyzed, Binet
formulas are investigated for these sequences in [28]. In [22], a closed formula are accessed for Horadam polynomi-
als and polynomial sequences by using tridiagonal determinants. A closed formula giving the elements of Horadam
sequence are achieved by tridiagonal matrices in [15]. The formulas related to (p, g, r)-tribonacci polynomials and
generalized tribonacci sequences are presented by using Hessenberg matrices in [16]. Such studies emphasize the
usefulness of matrix methods in deriving closed forms, Binet-type formulas, and recurrence relations. An extensive
body of research has been dedicated to investigating the algebraic and spectral properties of various structured matri-
ces. In [13], an efficient algorithm was proposed for reducing (p, g)-pentadiagonal matrices to tridiagonal form using
permutation matrices. The study not only provided explicit forms of these permutation matrices but also analysed the
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sparsity pattern of the resulting tridiagonal matrices in detail. Building upon classical matrix types, [17] introduced
generalized versions of the classical min and max matrices, referred to as 7-min and r-max matrices, showing that they
reduce to their classical counterparts when r = 1. The study also thoroughly examined their determinants, inverses,
norms, decompositions, and Hadamard inverses. In a similar vein, [24] explored a new classes of matrices called geo-
metric r-Frank matrices, as an extension of both the classical and generalized Frank matrices. This work investigated
their algebraic properties, factorizations, determinant expressions, and various matrix norms. Furthermore, [7] focused
on pseudo k-tridiagonal matrices, presenting results concerning their determinants, spectra, and inverses. In [9], a new
family of symmetric Toeplitz matrices was constructed using elements from specific Horadam sequences. The study
provided explicit expressions of their determinants, inverses, and matrix factorizations, and demonstrated that these
matrices are not always singular. It was also shown that their inverses exhibit a pentadiagonal structure. In [25], a
generalized Frank matrix, namely the r-Frank matrix, was introduced, encompassing several other generalized forms
of Frank matrices. The study addressed its algebraic structure, determinant, inverse, various norms, and matrix factor-
izations, while also examining several linear algebraic properties of its inverse. Additionally, [8] presented two new
families of matrices offering general expressions for their determinants and inverse, which also cover some special
cases of Toeplitz and related matrices. Lastly, [26] investigated the r-Hankel and r-Toeplitz matrices composed of geo-
metric sequences, analysing their algebraic and spectral characteristics, including determinants, inverses, generalized
inverses, and spectral norms.

Parallel to these developments, Lorentz matrix multiplication has attracted interest as a less conventional but pow-
erful operation in matrix theory, with applications ranging from functional analysis to computational mathematics.
However, its combination with Fibonacci-Hessenberg structures has not been sufficiently explored. The purpose of
this paper is to introduce Fibonacci-Hessenberg-Lorentz matrices, obtained by applying Lorentz matrix multiplication
to Fibonacci-Hessenberg matrices, and to analyse their determinants. Our main goal is to determine whether these
determinants generate new or known number sequences and to establish explicit recurrence relations. In doing so, we
position our results within the broader literature on generalized sequences and highlight new structural connections
arising from Lorentz multiplication.

Hessenberg and Tridiagonal Matrices and Its Determinants. The term a;; is used here to refer to an element in a
matrix. Several definitions of Hessenberg matrix have been proposed. First, Hessenberg matrix is defined as matrix
n X n such that a; ;11 # 0 and @;; = 0 for j > i + 1 but not lower triangular. Second, main diagonal and its lower
triangular matrix are compose of elements different from 0, but upper triangular matrix compose of elements 0. The
following matrix is a good illustration of Hessenberg matrix:

hi hip - 0 0
ar asn ce 0 0
Hy=| () 0
hn—l,l hn—l,2 e hn—l,n—l hn—l,n
hn,l hn,2 e hn,n—l hn,n

Assume that the sequence consisting of the determinants of the Hessenberg matrix H, is {|{H,|,n > 1}. For instance, for
n=1, H, = h;,. For n > 2, the general formula giving determinants is:

n—1 n—1

ol = ol Horl 4 | D" By [ ]l Heal]

r=1 Jj=r
There are multiple definitions of a tridiagonal matrix. One of these can be given as if the elements of different from
0 only on main diagonal, upper diagonal and lower diagonal, matrix is defined as tridiagonal matrix. Mathematically,
the tridiagonal matrix can be defined as ¢;; =0 for j >i+1andi > j+ 1, a; # 0 and @}, # O for in other situations.
The following matrix illustrates a tridiagonal matrix clearly.

tin hip e 0 0

1 by - 0 0
Li={: ¢ . 0 0

O O e tn—l,n—l tn—l,n

O 0 e tn,n—l tn,n
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However, the set of Hessenberg matrices cover the set of tridiagonal matrices. Therefore, obtaining determinant of
a tridiagonal matrix can be used above equation. For some special values, the determinants of the Hessenberg and
Tridiagonal matrices were associated with the general terms of the Fibonacci number sequence. This finding broadly
supports the work of other studies in this area linking Hessenberg and Tridiagonal matrices with Fibonacci number
sequence. A considerable amount of literature has been published on Hessenberg matrices whose determinants are
related to Fibonacci numbers. Here, [2,5,6,21,27] can be given as a reference to some studies.

Here, some matrix examples and findings that have been extensively examined in the literature are given. In [27], it is
shown that the determinant of the matrix, whose elements on the main diagonal are 1, elements on the upper and lower
diagonals are i, and other elements are 0, is F,,; for n € N.

This matrix has been shown as follows with matrix A,,:

1 0 0
i1 0 0
A=t 0 0
0O 0 --- 1 i
0O 0 --- i 1

In [2], b;; is defined as an element in matrix B,. In addition, assume that the elements of main diagonal are 2 but
b, = 1, the elements of upper diagonal and lower diagonal matrix are 1. Then, matrix B, can be demonstrated in the
following:

2 1 0 0
1 2 0 0
B, =1: 0 0
11 2 1
11 11

Matrix B, can be entitled upper Hessenberg matrix because of the elements of upper diagonal matrix are O and main
diagonal and elements of lower diagonal matrix are different from 0. One interesting finding relevant to is the determi-
nants of matrix B, are |B| = 1,|B,| = 1 and |B,| = F, for respectively 1,2 and n.

In [27], the determinants of Hessenberg matrices whose elements are complex numbers are associated with Fibonacci
sequences. In [5], the authors examined the determinants of tridiagonal matrices whose elements are real numbers and
associated determinants with Fibonacci sequences.

In previous studies, the first and second type Fibonacci numbers, F,_ ¢+ F,_ and F,_; + F,_»t respectively, are found
by giving a variable ¢ in the elements (1, 1) or (n, n) of some Hessenberg and tridiagonal matrices.

Definition 1.1. Assume that ¢ is a real or complex number and rn is an integer. The terms of the first and second
type Fibonacci numbers, F,_it + F,_, and F,_; + F,_»t respectively are used in its broadest sense to refer to all the
determinant of the matrices created depending on ¢ and n. In the present study, the first and second type Fibonacci
numbers is defined as (¢, n)-Fibonacci.

Definition 1.2. Assume that H,, is a Hessenberg matrix and ¢ is an integer providing m > 0 such that Vn > m.
Hessenberg H,, matrix is named as Fibonacci-Hessenberg matrix if determinants of Hessenberg H,, matrix are (¢, n)-
Fibonacci numbers.

Here, a well-known examples of some Fibonacci-Hessenberg matrices and sequences created by its determinants
with (¢, n)-Fibonacci numbers are presented for n > 1.
First, a classic example of Hessenberg matrix is C,, that its determinants are shown Fibonacci numbers:

2 1 0 0
12 0 0
Cour=[: " . 0 0
11 1 t+1
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For n > 1, determinants of matrix C,, are indicated as follows:

[Cigl = t + L |Coul = 2t + 1,|C3y| = 3t + 2, ,|Cpyl = Fpiat + F. Cy, is the first type (¢, n)-Fibonacci number.
Further analysis shows that the sequences {0,—1,—1,--- , =F,_1,---}, {1, 1,2,--- , Fp,--- },{2,3,5,- -+ , Fp42,-- -} and
{3,5,8,--, F,3,- -} are achieved for respectively t = —1,0, 1 and 2.

Second, matrix D, is obtained by replacing which element are 1 in the upper diagonal of the matrix C,; with —1. In
the following, the matrix D, , and its determinants are demonstrated:

2 -1 - 0 0
1 2 0 0
Dps=1: 0 - 0 0
11 2 -1

1 1 r+1

[Di1fl = t+1,|Doy|l =2t +3,|D3,4| =3t+5, -+ ,|Dysl = Fay_1t+ Fo,. The results obtained from analysis of determinants
of matrix D, are {0,1,2, -+, Foy2, -}, {1,3,5, -+ , Fop, -+ 1,{2,5,8, -+ , Fops1,-- -y and {3,7,11,- - , Ly, - -} for
respectively = —1,0, 1 and 2.

Third, the other Fibonacci-Hessenberg matrix is matrix E,, achieving by replacing which element is 2 in the (1, 1) of
the matrix D, , with 1. The matrix E,, can be illustrated and generalized determinants can be presented as follows:

1 -1 -~ 0 0
1 2 -0 0
Ey=|: 0 0
11 2 -
11 1 t+1

|Ejyl =t + 1,|Epy| = 2t +3,|E3| = 3t+5,--- ,|Ep | = Faypt + F5,—;. From operations of determinant we can see
that sequences {0, 1,2,---, Fp,—3,---}, {1,3,5,--+ , Fop1,--+}, {2,5,8,-++ , Fou,--+}and {3,7,11, -+ , Ly,1,---} are
achieved for respectively r = —1,0, 1 and 2.

Fourth, Fibonacci-Hessenberg matrix F),, is found by replacing which element is 1 in the (1, 1) of the matrix E,, with
2. In addition, lower diagonal matrix are compose of elements of —1 and 1 respectively. A matrix representing the
matrix F,, is given below:

2 -1 0 0
-1 2 0 0
Fo=|: 0 0
11 -2 -
1 =1 o =1 t+1

Forn > 1, determinants of matrix F,,; are |Fy | = t+1, |Fa,| = 2t+1,|F3, = 3t+2, -+ ,|F,4| = Fy+tF,11. As canbe seen
from the operations of determinant, sequences {0, —1,—1,--- , —F,_1,--- L {1, 1,2,--- , Fp,- -+ },{2,3,5, -+ , Fpy2, - -+ }
and {3,5,8, -, F,43,- -} for respectively t = —1,0, 1 and 2.

Fifth, Fibonacci-Hessenberg matrix G, is accessed by replacing which element is 2 in the (1, 1) of the matrix F,, with
1. The represantation of matrix G, and generalized determinants have given in the following.

1 =1 -~ 0 0
-1 2 0 0
Gui=1" 0 0
11 e 2 -

1 =1 - =1 t+1

Gigl = t4+ 1,|Goyl = 2t + 1,|Gsy| = 3t +2,--- ,|Gpyl = Fpp +tF,_y. If t = —1,0,1 and 2 are taken, se-
quences {0, —1,—1,--- , =F,_3,--- {1, 1,2, Fp0, - },{2,3,5,-+ , Fp,- -+ },{3,5,8,- -+ , Fy41, - - - } are respectively
obtained.

Sixth, Fibonacci-Hessenberg matrix H,,, is defined by replacing which element are —1 in the upper diagonal of the
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matrix G,, with 1. The matrix H,, and its generalized determinants can be given as follows:

11 0 0
-1 2 0 0
Hy =1 - 0 0
-1 1 2 1
1 =1 - =1 t+1

|Hi | = t+ 1,|Hyy| = 2t + 3,|H3,| = 5t +8,--- ,|Hyy| = Fap—1 + tF2,—». The following can be presented about the
sequences attained with the determinants of the matrix H,,;: sequences {0, 1,3,--- , Fp,_3,---},{1,3,8, -+ , Fop_1,- -},
{2,5,13,--- ,Fo,,---}and {3,7,18,--- , Ly,—1, - - - } for respectively t = —1,0, 1 and 2.

Seventh, Fibonacci-Hessenberg matrix K, is realized by replacing which element is 1 in (1, 1) of the matrix H,, with
2. The matrix K, , can be visualized and its generalized determinants can be given as follows:

2 1 0 0
-1 2 0 0
Kn,t = 0 0
-1 1 2 1
1 -1 -1 t+1
|Kil=t+1,|Koyl =2t +3,|Ks,| =5t + 8, ,|Knsl = Fay + tF2,-1. The sequences derived from the evaluation of the
determinants of the matrix K,,, can be summarized as below: sequences {0, 1,3, , Foy—2, - }L,{1,3,8,-- , Fa,, -+ },

{2,5,13, -+, Fops1,--- yand {3,7,18,- -+, Ly,, - - - } for respectively = —1,0, 1 and 2.
The transitions from one to another in the Fibonacci-Hessenberg matrices given just above can be visualized as follows.
In the next matrix, the changes with respect to the first matrix are depicted in red.

2 1 0 0 -1 0 0
1 2 0 0 1 2 0 0
Cos=|: 0 0 |—Du=|: o o |
1 20 11 2 -1
11 1 t+1 11 1 t+1
-1 0 0 2 -1 0 0
1 2 0 0 -1 2 0 0
Eni=|: 0 0 |—Fu=]|": o o |
11 2 -] 11 -2 -
11 1 t+1 1 =1 e =1 t+1
1 -1 0 0 11 0 0
-1 2 0 0 -1 2 0 0
Gui=]": 0 0 |—Hu=|": o o |
-1 1 2 -1 -1 1 2 1
1 -1 -1 t+1 1 -1 -1 t+1
2 1 0 0
-1 0 0
Kni =1 : 0 0
1 =1 - =1 t+1

The sequences generated with the determinants of the Fibonacci-Hessenberg matrices mentioned previously and the
recurrence relations are listed in the below table 1.
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TaBLE 1. Number sequences generated by the determinants of Fibonacci-Hessenberg matrices
CuisDugs Enys Fry, Gy, Hyy, Ky, for different values of #.Each row corresponds to distinct a matrix
family, while the columns illustrate the first few sequence elements and the associated recurrence

relation.
Matrix C,, n=1 n=2 n=3 n
t=-1 0 -1 -1 -F,_
t=0 1 1 2 F,
t=1 2 3 5 F.
t=2 3 5 8 Fo.3
t t+1 2t + 1 3t+2 Foat+ Fy
Matrix D, , n=1 n=72 n=3 n
t=-1 0 1 2 an_z
t=0 1 3 5 F»,
t=1 2 5 8 F2n+1
t=2 3 7 11 Ly,
t t+1 2t+3 3t+5 Fy,_1t+ Fy,
Matrix E,, n=1 n=72 n=3 n
=1 0 1 2 Fan-3
t=0 1 3 5 Fayq
t=1 2 5 8 Fo,
=2 3 7 11 Lon-y
t t+1 2t+3 3tr+5 Fr, ot + Fo,y
Matrix F, n=1 n=2 n=73 n
t=-1 0 -1 -1 -F,_
t=0 1 1 2 F,
t=1 2 3 5 Fo»
t=2 3 5 8 Fuis
t t+1 2t+1 3t+2 F,+tF,
Matrix G, n=1 n=2 n= n
t=-1 0 -1 -1 -F,_3
t=0 1 1 2 F,
t=1 2 3 5 F,
t=2 3 5 8 F,
t t+1 2t+1 3t+2 F,r+tF,
Matrix H,,, n=1 n=72 n=3 n
t=_1 0 1 3 Tt F2n—3
t=0 1 3 8 Frq
t=1 2 5 13 F>,
t= 3 7 18 Ly,—q
t t+1 2t+3 5t+8 Fr, 1 +tF,»
Matrix K, n=1 n=2 n=3 n
f=—1 0 1 Fops
t=0 1 3 8 F2n
t=1 2 5 13 Fru
t=2 3 7 18 Ly,
t t+1 2t+3 S5t+8 Fy, + tFy,_1
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Note that F,, denotes the n™ Fibonacci number, L, denotes the n”* Lucas number. The parameter ¢ indicates that the
modified entry in the matrix definition. For each matrix type, both explicit sequences and closed recurrence relations
are listed.

C,"L,, Dfm and Eﬁl,, Fibonacci-Hessenberg Matrices. In previous studies, in Fibonacci-Hessenberg matrices C,,, D,
and E,;, by substituting the i column by column 1, the matrices whose determinants are ¢-Fibonacci numbers are
produced. These matrices are indicated by C,, ,, D}, and E}, ,. Given the sequence {|C’, |,n > 1} for the matrix C},,, the
recurrence relation is then derived as IC;',’,I =tF,_i+ F,_i_1,n > i > 1. Therefore, the recurrence relation that yields
the sequence of determinants of the matrix C, is |C., | = 1+ ¥, |C}, | . Likewise, for a matrix D}, ,, the recurrence
relation which gives the sequence {|{D’ |,n > 1} is acquired as |D£u| = Fog-iy+1 + tFom-iy,n > i > 1. In a similar

n,t
way, the recurrence relation |D;, | = Fau-j+1 + tFou-iy,n > i > 1 for the matrix D, , gives the sequence {|D; |,n > 1}.

n,t
Consequently, it is the recurrence relation |D,,,| = £+ 7, |Di,,t| that provides the sequence of determinants of the matrix
D,;. In addition, the recurrence relation to give the sequence { IEﬁ,JI, n > 1} is determined as |E£,,;| =tF,_i+ Fy_jy1,n>
i > 2.Furthermore, the recurrence relation 2|E,,| = (t + 1) + X, IEj”I, n > 2 satisfies the sequence of determinants of
the matrix E,,,.

The #-Fibonacci numbers of Fibonacci-Hessenberg matrices C',,, D}, , and E!, , can be seen in the table 2 for i = 1,2 and

3.

TasLe 2. Generalized t-Fibonacci numbers arising from Fibonacci-Hessenberg matrices Cl, ,, D!, , and
E; fori=1,2and3
Matrix C', Matrix D', Matrix E',
i=1 tFo1 + Fyo Fopy +tFp - tF,.1 +F,
i=2 tFp 2+ F,3 Fyp 3 +1Fy, 4 tF, o+ F,
i=3 tFp 3+ F, 4 Fyp s +1tFy ¢ tF, 3+ F,»

Lorentz Matrix Multiplication. This part highlights the key theoretical concepts which related to obtaining of Lorentz
matrices . A considerable amount of literature has been published on Lorentz matrices. These studies have been widely
investigated by researchers.

Suppose that the set of matrices with m rows and n columns consisting of real numbers is denoted by R;'. The matrix
set R is a real vector space with respect to addition and scalar multiplication. [18] can be referenced for Lorentz matrix
multiplication. Now, suppose there are two vectors x = (x1, x2, -+ ,x,) andy = (y1,¥2, -+ ,¥») € R}i. The inner product
between the two vectors is described as given below:

n
(x,y) = —xy1 + Z XiYi-
;)

The set of the Lorentz matrices to apply the Lorentz inner product is designated by L.
Lorentz Matrix Multiplication and its Properties. Assume that A = [a;;] € R} and B = [bj] € R;’,. In addition,

assume that -, is a Lorentz matrix multiplication between matrices A and B. Then,

AL B= (1.1)

n
—aj by + Z a;jb i
Jj=2

is determined. That is, A -, B is a m X p type matrix. More over, every element in A -; B is a Lorentz inner product.
Also let A; be the i’ row in A and B/ the j* column in B. Thus, the (i, /)" element of A -; B is (A;, B/);. In this way,
A -1 B can be identified as the below:

(Al,BY, -+ (AL,B)
A B= : : .
(Aj,BYY, -+ (A;, By

Theorem 1.3 ( [10]). The below properties related to the Lorentz matrix product are ensured:
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i VAeL!,BeL:forA-(B-1C)=(A-LB)-C

ii. VAe Ly, B,Ce Ll for A, (B+C)=A - B+A-, C

iii. VA,BeL),Ce Ll for(A+B),C=A-C+B-C

iv. Vk € RLA€L),BE L) fork(A- B) = (kA)-, B = A (kB).

n?>

With respect to Lorentz matrix multiplication, assuming that the unit matrix of type n X n is labeled //}. That is,

10 - 0 0y (1 0 --- 0 0y (=1 0 0 0
01 --00 (01 - 00 |0 1 0 0
L=t o olc|t ¢+ . 0 of=| 0 of
00 --10 (00 - 10 o o 10
00 --01 o - --01 0 0 0 1

Definition 1.4 ( [10]). A is called invertible and denoted by A~! if for A € L if there exists a matrix B € L" of type
n X n satisfying the equation A -y B=B- 1 A =1].

Definition 1.5 ([10]). The transpose of the matrix A € L is represented by A” and is then given by AT = [a ji] €L
Definition 1.6 ( [10]). A € L™ is called L-ortogonal if A=! = AT,

Definition 1.7 ( [10]). The L-determinant of the matrix A = [aij] € Ry is identified by detA and given by detA =
2res, 8 (0) agyasey + * - asy,. Note that S, is a set containing all permutations of the set {1,2,--- ,n}. Furthermore,
s (o) is the sign of the permutations of o

Theorem 1.8 ([10]). For every A,B € L, det(A - B) = —detA - det B is provided.

n
2. REesuLrs

The methods for obtaining a matrix have varied somewhat across this research area. Different methods have been
proposed to achieve a matrix. The use of Lorentz inner product is one of the most well known methods for attaining a
matrix. In this part, the matrix to which Lorentz matrix multiplication is applied is specifically denoted by A;. Suppose
that for A = [aij] € R} and B = [bjk] € R, AL B = ABy is defined. Here, the matrix AB;, is called Fibonacci-
Hessenberg-Lorentz matrix. By the Theorem 1.8, detAB; = —detA - det B for A, B € L],. By applying Lorentz matrix
multiplication to the n X n type matrices discussed in the literature, it allows us to reach completely new matrices.
Via the determinants of the related matrices, new sequences of numbers associated with Fibonacci numbers have been
included in the literature.

Conclusion 2.1. Suppose C,; and D,,; are Fibonacci-Hessenberg matrices and -y, is the Lorentz matrix product. The
determinant of the matrix derived under Lorentz matrix multiplication of the C,,; and D, matrices for n > 1 yields the
sequence as follows:

|CDyyl = {=1* =2t = 1, 41> = 81 = 3,15 = 34t = 16, -+ , ~Fys1 Fap_11* = (Fps1 Fay + FyFou 1)t = FyFoy, -+ ).
Proof. Forn=1,C,, = (t + 1) and Dy, = (t + 1) are provided. Then, applying Lorentz multiplication gives
Cri Dy, =CDy, = (-1 =2t - 1),
By Theorem 1.8,
detCD;; = —detCy,-detDy, = —(t+1)-(t+ 1) = - -2t — 1

is found. Forn = 2, Cy, = 2 ! 2 -l ) are satisfied. Using Lorentz multiplication formula (1.1),

and D,; =
1 r+1 ’ 1 r+1
we compute firstrow (=2-2+1-1,-2-(=1) + 1(t + 1)) = (-3,¢ + 3), second row (—1(1)(2) + (t + D)(1), —(1)(-1) +
@+ DE+1)=(@-1,2+2t+2). So,

2 1) (2 -1\ (-3 143
CDz’f‘CZ"LDZ’f‘(l t+1)'L(1 t+l)_(t—1 t2+2t+2)'
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The determinant of CD,,,
detCDy, = (-3)(> +2t+2)— (t+3)(t— 1) = —4> -8t -3
is attained. On the other hand, detC,, = 2(t+1)—1 =2¢+1,det Dy, = 2(t+ 1) + 1 = 2¢+ 3. Thus, —det C,,-det D, =

2 1 0
—(2t+1)- (2t +3) = —47% — 8t — 3, which matches. The matrices for n = 3 are equal to C3; = [1 2 1 ] and

11 t+1
21 0
D3,,=[1 2 1
11

t+1

. Applying the Lorentz matrix multiplication to these resulting matrices produces

-3 4 -1
1 6 t-11

t t+4 P +2

CD3,t = C3,t ‘L D3,t =

The determinant given in the Theorem 1.8 provides

detCDs, = —detCs, - det D3, = — (3t +2) - (5t + 8) = =152 — 341 — 16,

21 -« 0 O 2 -1 0 0
1 2 -+ 0 O 1 2 0 0
Itis determinedas C,, =|: : . o |and D, = : 0 o |for the general n term. Then, the
1 1 - 2 1 1 1 2 -1
1 1 - 1 r+1 1 1 - 1 t+1

determinants are known detC,,; = Fy41t + F,,, det D, = F2,_1t + F2,. By Theorem 1.8 on Lorentz determinants,
detCD,y = —detCy; - det Dy, = = (Fupit + Fp) - (Fapif + Foy) = =Fue1 Fouo1 1 = (Fue1 Fan + FyFop1) t = FyFay
is derived. Consequently, the below sequences of numbers are arrived at:
ICD,yl = {—1 =2t = 1,-41* = 8t = 3,15 = 34t = 16, -+ , —Fys1 Fap_11* = (Fus1 Fay + FyFou 1) t — FyFopy, -+ ).
O

Conclusion 2.2. Let E,, and F,; be the Fibonacci-Hessenberg matrices and -1, be the Lorentz matrix product. For
n > 1, the determinant of the matrix EF, ; generated under the Lorentz matrix multiplication of E, ; and F, gives the
next sequence:

|EF, | ={-1* -2t —1,-4> — 8t = 3,-15¢* =34t = 16, - -+ , —Fou 2 F 11> — (Fan-2Fy + Fus1 Fou1) = Fopo1 Fppyeov o ).
Proof. Note that forn =1, E;; = (t + 1) and F, = (t + 1) are achieved. After that, Lorentz multiplication gives:

Ey, L Fi,=EFy, = (—ﬂ —2t— 1)
Hence, applying the determinant operation according to the Lorentz matrix multiplication, it is clear that

detEF), = —detEy, -detFy, = —(t+1)-(t+ 1) = -2 =2t — 1.

. . . . . 2 -1
In the following, related Lorentz matrix and its determinant value are presented for matrices E,; = (1 - 1) and

-1 t+1
Second row (—(1)(2) + (t + D)(=1), =(1)(=1) + (t + 1)(t + 1)) = (=t = 3,1 + 2t + 2). So,

Fy, = ( 2 - ) Now compute Es; - Fa, = EF,. Firstrow (=22 + (=1)(=1), =2(=1) + (= 1)(t + 1)) = (=3, =t +1).

-3 —t+1
EFZ"_(—t—3 24+2t+2)

Determinant of EF,,
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det EF,; = —det Ey, - det Fy, = (=3)(> + 2t + 2) — (=t + 1)(—t — 3) = —4¢> — 8¢ - 3.
On the other hand, for det £y, = 2(t+1)+1 = 2t+3,det F, = 2(t+1)—1 = 2t+1, —det E;  det F;, = —(2t+3)(2t+1) =

21 0 2 -1 0
—4¢* — 8t — 3. By applying similar operations, E3, = [1 2 I |and F5, =|1 2 -1 |matrices are reached
1 1 t+1 1 -1 r+1

for n = 3. Subsequently, the corresponding Lorentz matrix is equal to

-3 0 1
Es; -1 F3,=EF3,=| =5 6 —t—3|.
=2 —t+2 2+2¢

On the other hand, the determinant for matrix EF5 is
detEF5, = —det Es, - det F3, = —(5t +8) - (3t +2) = —15¢* — 34¢ - 16.

It is known that det E,,; = Fy,—ot + Fy,_y,detF,, = F, + tF,;. By Lorentz determinant property in Theorem 1.8, a

I -1 --- 0 0 2 -1 -~ 0 0

1 2 0 0 -1 2 -0 0
Lorentz matrix is also generated from the matrices E,,, =|: . .. o o |andF,, =] : S0 0

1 1 2 -1 -1 1 - 2 -1

1 1 I t+1 I -1 - =1 t+1

of type n X n and its determinant is then assigned as
detEF,, = —detE,,-detF,; = — (Foyat + Fap_1) - (Fp + tFp1) = —FouoFui1 1 = (Fap2 Fp + Fus1 Fano1) t = Fap i F.
As a result, the following sequences of numbers are produced:

|EF, | ={—t* =2t —1,-41> = 8t - 3,-15> =34t — 16, , —Fa, 2 Fps11* — (FayoFy + Fpi1Fop 1)t — Fop 1 Fpy -+ ).

m|

Conclusion 2.3. For n > 1, the determinant of the matrix GH,, formed by the Lorentz matrix multiplication of G,
and H, ; produces the subsequent sequence:

|GH, | = {—1> =2t — 1,—-4> — 8t — 3, —15> =34t — 16, --- ,~Fp, o F, 11> = (Fop2Fy + Fpy Foy 1)t — Fy (Fpp, -+ )
Proof. The matrices G,; and H,,, are given as G, = (t + 1), H, = (t + 1) for n = 1. Lorentz multiplication gives:

GHy; =Gy, Hy = (=@t + D+ 1) = (> =2t = 1).

So,detGH,; = —detGdetH;;, = —(t+ 1)-(t+ 1) = —2-2¢t—1.Forn =2, Gy, = _21 t:-11 and H,, = _21 Hl_ 1)

are obtained. Under Lorentz multiplication, first row (=22 + (=1)(=1), =2(1) + (=1)(¢ + 1)) = (=3, —¢ — 3) and second
row (—=(=DQ2) + (¢ + DD, - (DD + ¢ + D + 1)) = (t = 1, 7> + 2t + 2). So,

-3 -3
GH = (t— 1 2 +2t+2)
is found. The determinant of GHy,
detGH,y, = (-3)(** +2t +2) — (=t = 3)(t — 1) = —4¢> — 8¢ - 3.

Meanwhile, det Gy, = 2(t+ 1) = 1 = 2t + 1,det Hy, = 2(t + 1) + 1 = 2t + 3. So, — det Go, det Hy, = —(2t + 1)(2t +

2 -1 0 2 1 0
3) = -4 -8t —3.Forn = 3, Gy, =|-1 2 -1 (and H3, = |1 2 1 | are determined. Here, Lorentz
1 -1 t+1 1 -1 t+1

multiplication gives:
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-3 -4 -1
GH3,,= -1 6 —t+ 1.
t —t—4 2+

The determinant of GH3, can be obtained as det GH3, = —detG3, -detH3, = —(3t+2) - (5t + 8) = —15¢2 — 341 - 16.

1 -1 --- 0 0 1 1 -~ 0 0
-1 2 -+ 0 0 -1 2 -+ 0 0
For general termn, G,,; = | - S 0 |andH,, =] : S o |are satisfied. It is known
-1 1 - 2 -1 -1 1 - 2 1
1 -1 - -1 t+1 I -1 - -1 t+1

thatdetG,; = F,_» + tF,_; and detH,,; = F»,_1 + tF2,_». By equation GH,,; = G,,; -1 H,; and Theorem 1.8,

det GH,M = —det Gn,, . detHn,, = - (F,,_z + IF,,_l) . (F2n—1 + l‘an_z) =
—Fu1Fonot® = (FuoFang + Fyo1 Foyo1) 1 = FuoFoyy

is found. So, the following sequences of numbers are derived:
|GHn,f| = {_tz -2t- l, _4t2 -8t — 3, _15t2 — 34t - 16, Y _FZn—ZFn—lt2 - (F2n—2Fn + Fn+1F2n—1)t_ F2n—1Fn’ T }
O

The table of sequences with determinants of Fibonacci-Hessenberg-Lorentz matrices |CD,|,|EF,,| and |GH,,| for
different values of n and ¢ can be illustrated as table 3.

TaBLE 3. Sequences generated by the determinants of Fibonacci-Hessenberg-Lorentz matrices
|CD,4l, IEF 4|, |GH, | under Lorentz multiplication for selected values of . Each entry illustrates
the first few terms of the sequence together with the closed-form determinant identity

Element
ICD,./ 1 o 3 - o
r=- 0 1 3 —FoFo +(Fn+1F2n+FnF2n—1)_FnF2n
t=0 -1 -3 —-16 —-F,Fyn
t=1 -4 =15 —65 to —FuiFop1 = (Fun1Fon + FuFou 1) — FuFo,
t=2 -9 =35 —-144 _4Fn+lF2n—] _Z(Fn+lF2n+FnF2n—l)_FnF2n
Element
EF. 1% o 3 - "
t=-1 0 1 3 te —Fop o Fyp + (FopaFy + Fn+1F2n—l) = Fy F,
t=0 -1 -3 -16 —Fy, 1 F,
t=1 -2 -15 -65 te _an—anH - (F2n—2Fn + Fn+1F2n—1) - F2n—1Fn
t=2 -9 =35 -144 e _4’F2n—2Fn+l - 2(F271—2Fn + Fn+lF2n—l) - F2n—an
Element
|GHn,z| lzh znd 3rd . nth
r=-1 0 1 3 e —Fy1Fono + (Fp2Fo—2 + Fno1Fop-1) = Fy2Fap
t=0 -1 -3 -16 —F,2F>, 4
r=1 -2 -15 —65 EE —Fp1Fapot® = (FyaFapa + FuotFapo1) = FuaFapo

r=2 -9 =35 —-144 - —Fuo1Fanot®> =2 (FyoFan-n + Fyo1 Fapot) = FuooFopy




Investigation of Determinants of Fibonacci-Hessenberg-Lorentz Matrices and Special Number Sequences 584

3. CONCLUSION

In this study, we have defined and investigated Fibonacci-Hessenberg-Lorentz matrices by combining the well-
known Fibonacci-Hessenberg structures with Lorentz matrix multiplication. Through detailed determinant analysis,
we derived new families of number sequences and established their recurrence relations. These sequences enrich the
existing theory of special sequences by creating direct links between classical Fibonacci-type numbers and matrix
products under Lorentz operations.

The mathematical significance of these results lies in extending the matrix-based representation of special sequences.
The new families we obtain not only parallel existing Fibonacci-related structures but also provide a framework for
generating additional generalizations. Importantly, the determinant identities developed here demonstrate how Lorentz
multiplication can serve as a novel tool in algebraic sequence construction.

Beyond their intrinsic theoretical value, the results may also have potential applications in combinatorial enumera-
tion problems, algebraic structures defined by recurrence relations, and even mathematical physics, where Lorentzian
structures naturally appear.

Future research could extend the present approach in several directions. For example, one may apply Lorentz matrix
multiplication to matrices associated with Tribonacci, Pell, or Horadam sequences, investigate generalized Hessenberg
forms under other inner product structures, or explore computational aspects of these determinant sequences in algo-
rithmic number theory.

Overall, the present paper demonstrates that the intersection of Fibonacci theory and Lorentz multiplication opens
a promising research avenue that connects discrete mathematics, algebra, and applied analysis.
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